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ON SINGULAR EQUIVALENCES OF MORITA TYPE WITH
LEVEL AND GORENSTEIN ALGEBRAS
GEORGIOS DALEZIOS
Abstract. Rickard proved that for certain self-injective algebras, a stable
equivalence induced from an exact functor is a stable equivalence of Morita
type, in the sense of Broue´. In this paper we study singular equivalences of fi-
nite dimensional algebras induced from tensor product functors. We prove that
for certain Gorenstein algebras, a singular equivalence induced from tensoring
with a suitable complex of bimodules, induces a singular equivalence of Morita
type with level, in the sense of Wang. This recovers Rickard’s theorem in the
self-injective case.
1. Introduction
If A is a finite dimensional algebra over a field, the study of its stable module cat-
egory mod(A), which is the additive quotient of the finitely generated A–modules
modulo the projectives, has its origins in the (non-semisimple) representation the-
ory of finite groups. In case A is self-injective then mod(A) is a triangulated cat-
egory, see Happel [13, I.2], therefore techniques from the realm of triangulated
categories can be used to study representations of finite groups and more generally
self-injective algebras.
For a general left noetherian ring A the category mod(A) is not necessarily
triangulated, but its singularity category Dsg(A) := D
b(mod(A))/Kb(proj(A)) is.
Note that this construction is analogous to that of mod(A), namely we take the
Verdier quotient ofDb(mod(A)) modulo those complexes that have finite projective
dimension, in a standard sense. A result of Rickard [22] tells us that in case A is
self-injective, the canonical map mod(A) → Dsg(A) is a triangulated equivalence.
Buchweitz in [4] proved more generally that in case A is Gorenstein (i.e., two sided
noetherian with finite injective dimension over itself on both sides), the canonical
map MCM(A)→ Dsg(A) is a triangulated equivalence. Here MCM(A) denotes the
stable category of maximal Cohen-Macaulay A–modules.
In the spirit of Morita theory, it is an honest question to ask when two rings
have equivalent stable module categories. However, an arbitrary equivalence of this
kind does not preserve important properties of the rings in question. For example,
if k is a field, A = k[x]/(x2) and B is a triangular matrix algebra with entries in
k, then mod(A) ∼= mod(k) ∼= mod(B), but A is self-injective with infinite global
dimension while B does not satisfy any of these properties. An appropriate notion
of equivalence between stable module categories is that of a “stable equivalence of
Morita type”, introduced by Broue´ [3, 5.A Definition].
We recall Broue´’s definition: Given a field k and two finite dimensional k–
algebras A and B, we say that a pair of bimodules (BMA,ANB) defines a stable
equivalence of Morita type between A and B, if M (resp., N) is finitely generated
and projective over B and Ao (resp., over A and Bo), and if the following hold:
(1) N ⊗B M ∼= A in mod(A
e) and M ⊗A N ∼= B in mod(B
e).
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Here Ae, resp., Be, denotes the enveloping algebra of A, resp., B. In this situation
there is an equivalence M ⊗B − : mod(A)→ mod(B) with inverse N ⊗A −. These
equivalences usually preserve important properties of the rings in question under
mild assumptions, see for instance Liu and Xi [16, 17].
We mention an interesting Theorem of Rickard [23, Thm. 3.2]1 that we will
generalize. It states that for self-injective k–algebras A and B (whose semisimple
quotients are separable)2, any stable equivalence induced from an exact functor
BMA⊗A− : mod(A)→ mod(B), is necessarily a stable equivalence of Morita type.
Thus the definition of stable equivalence of Morita type can be simplified for such
self-injective algebras. The proof of this result makes use of the triangulated struc-
ture of the stable module categories of A and B.
Broue´’s definition has been generalized by Chen and Sun [8], and further by
Wang [25]. Wang’s definition only differs than that of Broue´ in that the conditions
in (1) are now replaced by:
N ⊗B M ∼= Ω
l
Ae(A) in mod(A
e) and M ⊗A N ∼= Ω
l
Be(B) in mod(B
e),
where l ∈ N and ΩAe(−), resp., ΩBe(−), denotes the syzygy endofunctor of the
stable module category of Ae, resp., Be. In this situation, there is a triangulated
equivalenceM⊗B− : Dsg(A)→ Dsg(B) with inverse Σ
l◦(N⊗A−). Wang calls this
a singular equivalence of Morita type with level l between A and B. This concept
is relatively new but has attracted some attention, see for instance the articles
[15, 24, 26].
In this paper, given finite dimensional algebras A and B, we look at tensor
product functors F := X⊗LA− : D
b(mod(A))→ Db(mod(B)), whereX is a complex
of B-Ao–bimodules which is perfect over B and over Ao, and we are interested in
necessary and sufficient conditions imposed on X in order for the functor F to
induce a singular equivalence between A and B. This approach is simple but
gives some interesting results. For instance, Theorem 3.6 is a “bimodule version”
of a result of Oppermann-Psaroudakis-Stai [18, Prop. 3.7.1], which recovers some
known results from the literature on singular equivalences (see 3.8, 3.9) and gives
some examples of singular equivalences of Morita type with level (see 4.5, 4.6).
Next, we look at singular equivalences of Morita type with level for Gorenstein
algebras. We obtain the following Theorem which is our main result:
Theorem. Let k be a field and let A and B be finite dimensional Gorenstein k–
algebras with separable semisimple quotients. Consider a complex X of finitely
generated B-Ao–bimodules which is perfect over B and Ao. If the (well defined)
functor
X ⊗LA − : D
b(mod(A))→ Db(mod(B))
restricts to a singular equivalence, then it induces a singular equivalence of Morita
type with level.
In terms of maximal Cohen-Macaulay modules over Gorenstein rings, we obtain
the following Corollary which restricts to the aforementioned result of Rickard in
the self-injective case.
Corollary. Let k be a field and let A and B be finite dimensional Gorenstein k–
algebras with separable semisimple quotients. Consider a finitely generated B-Ao–
bimodule M which is projective over B and over Ao. Denote M∨ := HomB(M,B).
1See also the book of Zimmermann [29, Prop. 5.3.17] or Dugas and Mart´ınez-Villa [11].
2This is a minor technical assumption which is satisfied in most cases of interest, for example
when k is a perfect field; see 2.4
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If the (well-defined) functor M⊗A− : MCM(A)→ MCM(B) restricts to a trian-
gulated equivalence MCM(A) ∼= MCM(B), then the pair (M,ΩsA⊗kBoM
∨) defines
a singular equivalence of Morita type with level s, where s = pdAM
∨.
Keep in mind that the singularity category of an algebra of finite global dimension
is trivial. Hence the above results are non-trivial only when applied to algebras of
infinite global dimension.
The Theorem and its Corollary are proved in Section 4, see 4.1 and 4.2.
2. Preliminaries
2.1. Complexes. Let A be a ring. Throughout the text, Mod(A) stands for the
category of left A–modules while right A–modules are understood as modules over
the ring Ao. We denote by mod(A) the subcategory of Mod(A) which consists of
finitely presented A–modules, while proj(A) denotes the subcategory of mod(A)
which consists of projective A–modules.
C(A) denotes the category of chain complexes of A–modules, with homological
indexing. A complex X is called bounded above (resp., below) if X>>0 = 0 (resp.,
X<<0 = 0), and is called homologically bounded above (resp., below) if H>>0(X) =
0 (resp., H<<0(X) = 0). A complex which is (homologically) bounded above and
below is just called (homologically) bounded.
We recall a few things on homological dimensions of complexes. We say that a
homologically bounded below complexX in C(A) has pdAX ≤ n (resp., fdAX ≤ n),
for some n ∈ N, if there exists a complex P of projective (resp., flat) A–modules
and a quasi-isomorphism P
∼
−→ X , where Pj = 0 for all j > n. Similarly, we say
that a homologically bounded above complex X in C(A) has inj.dimAX ≤ n, for
some n ∈ N, if there exists a complex of injectives and a quasi-isomorphismX
∼
−→ I,
where Ij = 0 for all j < n.
We denote by K(A) the homotopy category of complexes of A–modules and by
D(A) its derived category. We denote by Σ(−) the shift endofunctor and by Σn(−)
the n-fold composition of Σ with itself.
2.2. Resolutions with bimodules. The following facts are well-known. The
reader may consult for instance [10, Ch. 7].
Let k be a commutative ring and let A and B be k–algebras.
If A is projective over k, then B⊗kA
o is projective overB, hence (semi)projective
resolutions3 over B ⊗k A
o restrict to (semi)projective resolutions over B. In this
case, the derived functor,
RHomB(−,−) : D(B ⊗k A
o)×D(B)→ D(A),
may be computed by RHomB(−,−) ∼= HomB(P(−),−), where P(−) is the
(semi)projective resolution endofunctor of K(B ⊗k A
o).
If B is flat over k, then B⊗kA
o is flat over Ao, hence (semi)flat resolutions over
B⊗kA
o restrict to (semi)flat resolutions over Ao. In this case, the derived functor,
−⊗Lk − : D(B ⊗k A
o)×D(A)→ D(B),
may be computed by −⊗LA−
∼= F (−)⊗A−, where F (−) is the (semi)flat resolution
endofunctor on K(B ⊗k A
o).
3The word “semi” refers to resolutions of unbounded complexes and is used here to simplify
notation in what follows. The reader can restrict to classical projective resolutions but the neces-
sary boundedness assumptions should be made.
4 GEORGIOS DALEZIOS
2.3. Singularity categories. Let A be a left noetherian ring. Denote byKb(mod(A))
the bounded homotopy category of complexes which are degreewise finitely gener-
ated and byDb(mod(A)) its derived category. Note that the objects ofDb(mod(A))
are chain complexes in mod(A) which are homologically bounded.
Fact 2.1. Let A be a left noetherian ring. The following are equivalent for a
homologically bounded below and degreewise finitely generated complexX inC(A).
(i) X is isomorphic in D(A) to a bounded complex of finitely generated pro-
jective A–modules.
(ii) pdAX ≤ n, for some n ∈ Z.
(iii) For any homologically bounded complex Y , the complex RHomA(X,Y ) is
homologically bounded.
(iv) X belongs to the bounded homotopy category Kb(projA).
Proof. See for instance [1, Sec. 2P], or [10, Th. 8.1.14]. 
Definition 2.2. Let A be a left noetherian ring. A complex in C(A) which satisfies
any of the equivalent conditions of Fact 2.1 is called perfect. We denote the category
of perfect complexes by perf(A).
Definition 2.3. Let A be a left noetherian ring. The singularity category of A is
the Verdier quotient Dsg(A) := D
b(mod(A))/perf(A).
Recall also the stable module category of the ring A: It is the additive quotient
mod (A) := mod(A)/ ∼, where its objects are the same as those of mod(A) and
two parallel morphisms are identified if they factor through a projective module.
The syzygy endofunctor ΩA(−) of mod (A) maps an A–module M to the kernel
of a projective presentation of M . We denote by Ωn(−) the n-fold composition of
ΩA(−) with itself.
There is a natural map mod(A) → Dsg(A) (that takes a module to its stalk
complex, concentrated in degree zero), which factors through the stable module
category to give a map π : mod (A) → Dsg(A). It is an important property of the
singularity category that the following diagram is commutative,
mod (A)
π

Ωn(−) // mod (A)
π

Dsg(A)
Σ−n // Dsg(A).
2.4. Special types of algebras. If k is a commutative ring and A is a k–algebra
then Ae := A ⊗k A
o denotes the enveloping algebra of A. Modules over Ae are
naturally identified with A-Ao–bimodules.
We recall that a semisimple k–algebra (k a field) is called separable if its extension
of scalars over any field extension of k remains semisimple (see e.g. [21, Ch. 1.7]).
Now let A be a finite dimensional k–algebra and assume that A/rad(A) is separable.
In this case A/rad(A) ⊗k A
o/rad(Ao) is semisimple and there is an isomorphism
A/rad(A)⊗kA/rad(A) ∼= (A⊗kA
o)/rad(A⊗kA
o) over Ae. This is practical because
it implies that simple Ae–modules are summands of modules of the form S ⊗k S
′
where S′ is simple over Ao and S is simple over A. For details see [29, Cor. 5.3.10].
We recall that a finite dimensional k–algebra A is said to have infinite global
dimension if there exists an A–module of infinite projective dimension. In [14, 1.5]
it is proved that if pdAeA <∞ then A has finite global dimension.
We recall that a ring A is called Gorenstein if it is noetherian on both sides and
has finite injective dimension as a module over itself on both sides. In this case
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from [27] we know that inj.dimAA = n = inj.dimAoA, for some n ∈ N. In case
n = 0 the ring A is called self-injective. For a Gorenstein ring A, we consider
MCM(A) := {M ∈ mod(A) | Ext>1A (M,A) = 0},
the category of maximal Cohen-Macaulay A–modules. It is well known that this
category is additive Frobenius, thus its stable category MCM(A), which is defined
in analogy with the stable module category mentioned above, is triangulated (see
Happel [13, I.2]). In case A is self-injective we have MCM(A) = mod(A).
For a survey of Gorenstein homological algebra in the context of artinian algebras
the interested reader may consult X.-W. Chen [7].
3. Singular equivalences induced from tensor products
We will make use of the following:
3.1. Setup Let k be a commutative noetherian ring and let A and B be k–algebras
which are finitely generated and projective over k.
Proposition 3.2. Under Setup 3.1, let X be a complex of finitely generated B-Ao–
bimodules which is perfect over B and over Ao. Then the following hold:
(i) There exists an adjoint pair of functors:
(♣) Db(mod(A))
F :=BXA⊗
L
A
− //
Db(mod(B)),
G:=RHomB(X,−)
oo
where F and G may be computed by considering a projective resolution of
X over B ⊗k A
o.
(ii) There exists an isomorphism of functors G ∼= RHomB(X,B)⊗
L
B −.
(iii) The complex of A-Bo–bimodules X∨ := RHomB(X,B) is perfect over B
o
(but not necessarily perfect over A).
Proof. (i) Let P → X be a projective resolution of X over B ⊗k A
o, where the
complex P is degreewise finitely generated over B ⊗k A
o. From 2.2 we know that
for any Y in Db(mod(A)), we may compute F (Y ) = BXA⊗
L
A Y
∼= P⊗A Y . Hence
F (Y ) is degreewise finitely generated over B, and it is homologically bounded since
pdAoX <∞ (thus also fdAoX <∞). Hence F is a well-defined functor.
Moreover, from 2.2 we know that for any Z ∈ Db(mod(B)), we have G(Z) =
RHomB(BXA, Z) ∼= HomB(P, Z). This complex is degreewise finitely generated
over A and has bounded homology since pdBX < ∞. Hence G is a well-defined
functor. The fact that F is left adjoint to G is standard.
(ii) We have the following functorial isomorphisms (keeping the same notation
as above),
G = RHomB(X,−) ∼= RHomB(X,B ⊗
L
B −)
∼= HomB(P, B ⊗
L
B −)
∼= HomB(P, B)⊗
L
B −,
where the last isomorphism is holds because B is left noetherian and P ∈ perf(B),
see for instance [10, Thm. 4.5.7(d)].
(iii) Since G is well defined, for any complex Y inDb(mod(A)), the complexG(Y )
is homologically bounded, hence from the isomorphism of functors given in (ii), we
obtain that X∨ ⊗LB Y is homologically bounded. This implies that fdBoX
∨ < ∞,
hence also pdBoX
∨ <∞ since B is right noetherian. Thus X∨ ∈ perf(Bo). 
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Remark 3.3. (i) The functor F from Proposition 3.2 maps perf(A) to perf(B).
Indeed, let P ∈ perf(A) and consider the natural isomorphism
RHomB(X ⊗
L
A P,−)
∼= RHomA(P,RHomB(X,−)).
Since pdBX <∞ and pdAP <∞, this functor maps homologically bounded com-
plexes to homologically bounded complexes, thus pdB(X ⊗
L
A P ) <∞. Moreover, if
P → X is a projective resolution of X over B⊗k A
o, then the complex X ⊗LA P
∼=
P⊗AP is degreewise finitely generated as a complex of B–modules. Thus X⊗
L
AP
is in perf(B).
(ii) In general it is not true that the functor G from Proposition 3.2 maps perf(B)
to perf(A), unless if we know that G(B) := X∨ is in perf(A). Indeed, in this case,
let Q ∈ perf(B), consider G(Q) = G(B)⊗LB Q, and the natural isomorphism
RHomA(G(B) ⊗
L
B Q,−)
∼= RHomB(Q,RHomA(G(B),−)).
Since pdAG(B) < ∞ and pdBQ < ∞, we obtain that pdA(G(B) ⊗
L
B Q) < ∞.
Moreover, if Q → G(B) is a projective resolution of X∨ over A ⊗k B
o, then the
complex G(B)⊗LBQ
∼= Q⊗BQ is degreewise finitely generated over A, hence G(Q)
belongs to perf(A).
A key technical point is that the functor G from Proposition 3.2 maps perf(B)
to perf(A) under the assumption A and B are Gorenstein algebras.
Lemma 3.4. Under Setup 3.1, assume in addition that A and B are Gorenstein
k–algebras. Then the functor G from Proposition 3.2 maps perf(B) to perf(A).
Proof. From Remark 3.3 (ii), it suffices to prove thatG(B) = RHomB(X,B) =: X
∨
belongs to perf(A). First note that if P → X is a projective resolution of X over
B⊗k A
o, then X∨ ∼= HomB(P, B) is degreewise finitely generated over A, thus we
only need to prove that pdAX
∨ <∞. To see this consider the natural isomorphism:
RHomA(−,RHomB(X,B)) ∼= RHomB(X ⊗
L
A −, B).
If we input a homologically bounded complex of A–modules in this isomorprhism,
on the right hand side we will obtain a homologically bounded complex (since
pdAoX < ∞ and inj.dimBB <∞). This shows that inj.dimAX
∨ < ∞. Since A is
Gorenstein this is equivalent to pdAX
∨ <∞, which finishes the proof. 
In Theorem 3.6 below, we give necessary and sufficient conditions on the func-
tor F from Proposition 3.2 to induce a singular equivalence. We will need the
following Lemma, which in the module case is a known result of Auslander and
Reiten [29, Prop. 5.3.11]. It is because of this Lemma that we need to restrict to
finite dimensional algebras with separable semisimple quotient in the sequel.
Lemma 3.5. Let A be a finite dimensional k–algebra where k is a field. Denote
by Ae := A ⊗k A
o the enveloping algebra of A and let C be a complex of finitely
generated Ae–modules. Consider the following:
(i) C ∈ perf(Ae).
(ii) For all complexes Z ∈ Db(mod(A)); C ⊗LA Z ∈ perf(A).
(iii) For all simple A–modules N ; C ⊗LA N ∈ perf(A).
Then the implications (i) ⇒ (ii) ⇒ (iii) hold. Moreover, in case A/rad(A) is
separable all statements are equivalent.
Proof. (i)⇒ (ii). We first treat the case where C is a finitely generated projective
Ae–module, i.e., C is a summand of a finite direct sum of copies of A⊗k A
o. Then
it is easy to see that, for all Z in mod(A), the A–module C ⊗A Z is a summand of
a finite direct sum of copies of A(A⊗k A
o ⊗A Z) ∼= A⊗k k
dimZ ∼= AdimZ .
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Now assume that C ∈ perf(Ae) and let P
∼
−→ C be a projective resolution of
C over Ae (thus P is a bounded complex of finitely generated and projective Ae–
modules). We may compute C ⊗LA Z
∼= P ⊗A Z
′, where Z ′ is a bounded complex
of finitely generated A–modules which is quasi-isomorphic to Z. Then the tensor
product complex P ⊗A Z
′ is a bounded complex, and from the previous treated
case we know that it consists of finitely generated and projective A–modules.
We now prove that (iii)⇒ (i) under the assumption that A/rad(A) is separable.
Since Ae is noetherian it suffices to show that fdAeC < ∞. For this, it suffices to
show that for any finitely generated simple Ae–module S, the complex S ⊗LAe C is
homologically bounded. From the assumption that A/rad(A) is separable, as we
recalled in 2.4, we know that all simple Ae–modules are direct summands of modules
of the form S′⊗kS
′′, where S′ is a simple A–module and S′′ is a simple Ao–module,
hence it suffices to prove that for such modules the complex (S′ ⊗k S
′′) ⊗LAe C is
homologically bounded. We have an isomorphism,
(S′ ⊗k S
′′)⊗LAe C
∼= S′′ ⊗LA C ⊗
L
A S
′,
in the bounded derived category of finitely generated Ae–modules. By assump-
tion, the complex C ⊗LA S
′ is in perf(A), hence the complex S′′ ⊗LA (C ⊗
L
A S
′) is
homologically bounded, which finishes the proof. 
Theorem 3.6. Let k be a field, let A and B be finite dimensional k–algebras, and
let X be a complex of finitely generated B-Ao–bimodules which is perfect over B and
over Ao. Assume that X∨ := RHomB(M,B) is a perfect complex of A–modules.
If RHomA(X,X) ∼= A in Dsg(A
e) and RHomB(X
∨, X∨) ∼= B in Dsg(B
e), then
the functor X ⊗LA − : Dsg(A)→ Dsg(B) is a triangulated equivalence (with inverse
X∨⊗LB−). The converse holds under the assumption that A/rad(A) and B/rad(B)
are separable.
Proof. From Remark 3.3 and our assumptions we have that the adjunction (♣)
from Proposition 3.2 restricts to
Dsg(A)
F¯ :=BXA⊗
L
A
− //
Dsg(B).
G¯:=AX
∨
B
⊗L
B
−
oo
We investigate when the unit η¯ and the counit ǫ¯ of (F¯ , G¯) are isomorphisms. Con-
sider a complex Y in Db(mod(B)). If ρ : P
∼
−→ X is a projective resolution of X
over B ⊗k A
o, we have a commutative diagram in Db(mod(B)),
(BXA ⊗
L
A X
∨
B)⊗
L
B Y
ǫ¯Y // Y // Cone(ǫ¯Y ) //
B(P ⊗A X
∨
B)⊗
L
B Y
(ρ⊗X∨)
L
⊗Y
∼=
OO
ǫ¯B⊗Y // B ⊗LB Y //
∼=
OO
Cone(ǫ¯B)⊗
L
B Y
//
OO
.
Hence Cone(ǫ¯Y ) ∈ perf(B) if and only if Cone(ǫ¯B)⊗
L
B Y ∈ perf(B). Similarly, if Z
is a complex in Db(mod(A)), one can show that Cone(η¯Z) ∈ perf(A) if and only if
Cone(η¯A)⊗
L
A Z ∈ perf(A).
The assumptions that X∨ ⊗LA X = RHomA(X,X)
∼= A in Dsg(A
e) and that
X ⊗LB X
∨ = RHomB(X
∨, X∨) ∼= B in Dsg(B
e), imply that Cone(η¯A) ∈ perf(A
e)
and Cone(ǫ¯B) ∈ perf(B
e), respectively. Therefore we see that the proof is finished
if we employ Lemma 3.5. 
Corollary 3.7. Let k be a field and let A → B be a homomorphism of finite
dimensional k–algebras, where B has finite projective dimension on both sides over
A. If each of the following conditions is satisfied:
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(i) The cone of A→ B is perfect over Ae,
(ii) The cone of the natural map B ⊗LA B → B is perfect over B
e,
then the functor B ⊗LA − : Dsg(A) → Dsg(B) is a triangulated equivalence. The
converse holds in case A/rad(A) and B/rad(B) are separable.
Proof. This follows directly from Theorem 3.6 if we consider the functor B ⊗LA
− : Db(mod(A))→ Db(mod(B)), which is left adjoint to restriction of scalars. 
Example 3.8. Let k be a field, let A be a finite dimensional k algebra, and let
I be an ideal of A which has finite projective dimension over Ae. Consider the
canonical map A → A/I. If condition (ii) of Corollary 3.7 is satisfied (with B :=
A/I), we obtain Dsg(A) ∼= Dsg(A/I). Condition (ii) is trivially satisfied if I is
an idempotent ideal and TorA>1(A/I,A/I) = 0, equivalently, if the canonical map
A/I ⊗LA A/I → A/I is an isomorphism in D
b(mod(Be)). This is the content of a
result of X.-W. Chen [6].
Recall that if Λ is a finite dimensional algebra over a field k and e is an idempotent
in Λ, there exists an adjoint pair
Db(mod(eΛe))
Λe⊗L
eΛe− //
Db(mod(Λ)),
eΛ⊗Λ−
oo
where the right adjoint eΛ⊗Λ− is isomorphic to the functor e(−), which is muplti-
plication by e and it is an exact functor.
There is one more easy consequence of Theorem 3.6 which has been discussed
(in a more general context) in [20, Main Theorem (ii)].
Proposition 3.9. Let Λ be a finite dimensional k–algebra over a field k, let e be
an idempotent in Λ, and assume any of the following two:
(i) pd(eΛe)o (Λe) <∞ and eΛ ∈ proj(eΛe), or
(ii) Λe ∈ proj(eΛe)o and pdeΛe(eΛ) <∞.
Then in case pdΛe(Λ/ΛeΛ) < ∞ the functor eΛ ⊗Λ − induces a singular equi-
valence between Λ and eΛe. The converse holds if Λ/rad(Λ) and eΛe/rad(eΛe) are
separable.
Proof. Under any of the conditions (i) or (ii), Remark 3.3 implies that the above
given adjunction restricts to one at the level of singularity categories. We observe
that the unit of this adjunction is an isomorphism. Thus according to Theorem 3.6,
if the following condition is satisfied,
(2) The cone of the natural map Λe⊗LeΛe eΛ→ Λ is perfect over Λ
e,
we obtain a singular equivalence Λe⊗LeΛe − : Dsg(eΛe)
∼= Dsg(Λ), and the converse
holds under the assumptions on separability. Under any of the conditions (i) or (ii)
we obtain Λe⊗LeΛe eΛ
∼= Λe⊗eΛe eΛ, hence (2) is satisfied if and only if the natural
inclusion Λe ⊗eΛe eΛ = ΛeΛ → Λ is an isomorphism in Dsg(Λ
e), which is in turn
equivalent to pdΛe(Λ/ΛeΛ) <∞. 
We apply the above discussion in the context of Morita rings with zero bimodule
maps; see [12] for a study of their homological properties.
Example 3.10. Let A and B be finite dimensional algebras over a field k and
consider two finitely generated bimodules BMA and ANB. We consider the ring
Λ :=
(
A ANB
BMA B
)
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with multiplication given by(
a n
m b
)
·
(
a′ n′
m′ b′
)
:=
(
aa′ an′ + nb′
ma′ + bm′ bb′
)
.
Consider any of the following two conditions:
(i) pdAoM <∞ and N ∈ proj(A), or
(ii) M ∈ proj(Ao) and pdAN <∞.
If we work with the idempotent e =
(
1 0
0 0
)
, Proposition 3.9 implies:
pdBe(B) <∞ ⇒ Λe⊗
L
A − : Dsg(A)
∼= Dsg(Λ),
and the converse implication holds in case Λ/rad(Λ) and A/rad(A) are separable.
Similarly, we may consider any of the following two conditions:
(i’) pdBoN <∞ and M ∈ proj(B), or
(ii’) N ∈ proj(Bo) and pdBM <∞.
Then if we work with the idempotent e =
(
0 0
0 1
)
, Proposition 3.9 implies:
pdAe(A) <∞ ⇒ Λe⊗
L
B − : Dsg(B)
∼= Dsg(Λ),
and the converse implication holds in case B/rad(B) and Λ/rad(Λ) are separable.
In Example 4.6 below we show that the singular equivalences obtained in this
example induce singular equivalences of Morita type with level. We study such
equivalences in the next section.
4. Singular equivalences of Morita type with level
The next definition, in the case n = 0, was given by Broue´ [3] in the study of
equivalences of blocks of group algebras. The definition below is due to Wang [25].
Definition 4.1. Let k be a commutative ring and let A and B be two k-algebras
which are projective as k–modules. Let BMA and ANB be bimodules such that,
for some l ∈ N, the following hold:
(i) M is finitely generated and projective as a B-module and as an Ao-module,
(ii) N is finitely generated and projective as an A-module and as a Bo-module,
(iii) N ⊗B M ∼= Ω
l
Ae(A) in mod(A
e),
(iv) M ⊗A N ∼= Ω
l
Be(B) in mod(B
e).
Then we say that the pair (BMA,ANB) defines a singular equivalence of Morita
type with level l between A and B.
Proposition 4.2. Let k be a field and let A, B be finite dimensional k–algebras.
Assume that (BMA,ANB) is a pair of bimodules that defines a singular equivalence
of Morita type with level l. Then the functor F := M ⊗A − : Dsg(A) → Dsg(B)
is a triangulated equivalence with inverse G := Σl(−) ◦ (N ⊗B −). The case l = 0
is stronger as it gives an equivalence M ⊗A − : mod(A) → mod(B) with inverse
N ⊗B −.
Proof. The isomorphism (iii) in Definition 4.1 implies an isomorphism (N ⊗BM)⊕
P ∼= ΩlAe(A) ⊕Q in mod(A
e), with P and Q in proj(Ae). Let X be a complex in
Db(mod(A)). Then we have an isomorphism in Db(mod(A)) which is natural in X ,
(N ⊗B M ⊗A X)⊕ (P ⊗A X) ∼= (Ω
l
Ae(A)⊗A X)⊕ (Q ⊗A X).
We have that P ⊗A X and Q ⊗A X are in perf(A). Thus in Dsg(A), we obtain
isomorphisms,
N ⊗B M ⊗A X ∼= Ω
l
Ae(A)⊗A X
∼= ΩlA(X)
∼= Σ−l(X),
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which are natural in X . This shows that G ◦F ∼= idDsg(A). Similarly one can show
that F ◦G ∼= idDsg(B). 
Remark 4.3. In definition 4.1, assume that k is a field and that A and B have
infinite global dimension. If the syzygies ΩlAe(A) and Ω
l
Be(B) are indecompos-
able over Ae and Be respectively, then conditions (iii) and (iv) are respectively
equivalent to:
(iii’) N ⊗B M ∼= Ω
l
Ae(A)⊕X , for some X ∈ proj(A
e),
(iv’) M ⊗A N ∼= Ω
l
Be(B)⊕ Y , for some Y ∈ proj(B
e).
Indeed, we prove that (iii) implies (iii’): Since N ⊗B M ∼= Ω
l
Ae(A) in mod(A
e),
there exist projective Ae–modules X ′ and X ′′ such that (N⊗BM)⊕X
′ ∼= ΩlAe(A)⊕
X ′′ in mod(Ae). Since A has infinite global dimension we have that ΩlAe(A) is a
non-projective Ae–module [14, 1.5]. Thus, from the Krull-Schmidt theorem we
deduce that N ⊗B M ∼= Ω
l
Ae(A) ⊕ X , for some X ∈ proj(A
e). Similarly one can
prove that (iv) implies (iv’). In the literature, in the case l = 0, some authors define
stable equivalences of Morita type using conditions (iii’) and (iv’).
The following fact is crucial for the rest of the paper. It can also be found in
[29, Prop. 6.4.4]. We believe it is proper to give a proof here.
Proposition 4.4. Under Setup 3.1, let X be a complex of finitely generated B-Ao–
bimodules which is perfect over B and over Ao, and consider P → X a projective
resolution of X over B ⊗k A
o. Write
P := · · · → Pn+1
∂P
n+1
−−−→ Pn
∂P
n−−→ Pn−1 · · · → .
Then the complex P is isomorphic in Db(mod(B ⊗k A
o)) to a complex
L = (0→ Ls
∂L
s−−→ Ls−1 → · · · → Li → 0),
where for all j = i, i + 1, ..., s− 1; Lj is finitely generated and projective as a B-
Ao–bimodule and Ls is finitely generated and projective over B and A
o (but is not
necessarily projective as a B-Ao–bimodule).
In case X is a B-Ao–bimodule concentrated in degree zero, with pdBX = m and
pdAoX = n, then for s = max{n,m} we may choose Ls
∼= ΩsB⊗kAo(X).
Proof. Since X is in perf(B), it is isomorphic inDb(mod(B)) to a bounded complex
X ′ of finitely generated and projective B–modules, say X ′m is the greatest non-zero
component of X ′. Similarly, since X is in perf(Ao), it is isomorphic to a bounded
complex X ′′ of finitely generated and projective Ao–modules, say X ′′n is the greatest
non-zero component of X ′′. Pick s := max{n,m}.
From 2.2 we know that the projective resolution P → X over B⊗k A
o restricts
to a projective resolution over B, hence there exists an isomorphism φ : X ′ → P
in K(mod(B)). Moreover, recall that if we denote by P⊆s = (0 → cok(∂
P
s+1) →
Ps−1 → · · · → Pi → 0) the “soft truncation above” of P at s, we obtain a
quasi-isomorphism ρ : P → P⊆s. Therefore, the map ρ ◦ φ : X
′ → P⊆s is a quasi-
isomorphism between complexes of B–modules. Its mapping cone is an acyclic
complex (we omit writing the differentials):
0→ X ′s → X
′
s−1 ⊕ cok(∂
P
s+1)→ · · · → Pi → 0,
and now an inductive argument can show that cok(∂Ps+1) ∈ proj(B). In fact for all
i > s+1 we have cok(∂Pi+1) ∈ proj(B). Also note that we have cok(∂
P
s+1)
∼= Im∂Ps .
Similarly, one can show that for all i > s + 1 we also have Im∂Pi ∈ proj(A
o).
The complex L in the statement is the complex P⊆s. In case X is concen-
trated in degree zero, it is clear from the arguments given that Ls = cok(∂
P
s+1)
∼=
ΩsB⊗kAo(X). 
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Remark 4.5. Let Λ be a finite dimensional algebra over a field k. We will prove
that the singular equivalences obtained in Proposition 3.9, induce singular equival-
ences of Morita type with level. To see this, consider for instance the case where
condition (i) in Proposition 3.9 holds. We claim that for
(3) l = max{pd(eΛe)o (Λe), pdΛe(Λ/ΛeΛ)},
the pair (ΩlΛ⊗k(eΛe)o (Λe), eΛ) defines a singular equivalence of Morita type with
level l between Λ and eΛe.
First note that the bimodules ΛΩ
l
Λ⊗k(eΛe)o
(Λe)eΛe and eΛeeΛΛ are finitely gen-
erated and projective on both sides (for the first we may apply Proposition 4.4).
Moreover, if we consider the short exact sequence 0→ ΛeΛ→ Λ→ Λ/ΛeΛ→ 0
of Λe–modules, after comparing projective resolutions, we deduce that for all i >
pdΛe(Λ/ΛeΛ) we have that Ω
i
Λe(ΛeΛ)
∼= ΩiΛe(Λ) in mod(Λ
e).
Thus for l as in (3) there exists an isomorhism in mod(Λe),
ΛΩ
l
Λ⊗k(eΛe)o
(Λe) ⊗
eΛe
eΛΛ = Ω
l
Λe(ΛeΛ)
∼= ΩlΛe(Λ),
and also an isomorphism in the stable category of (eΛe)-(eΛe)o–bimodules:
eΛ⊗
Λ
ΩlΛ⊗k(eΛe)o (Λe)
∼= Ωl(eΛe)e(eΛe),
which finishes the claim.
If we assume that condition (ii) in Proposition 3.9 holds, then similarly one can
prove that for
l = max{pdeΛe(eΛ), pdΛe(Λ/ΛeΛ)},
the pair (Λe,ΩleΛe⊗kΛo(eΛ)) defines a singular equivalence of Morita type with level
l between Λ and eΛe.
In particular we obtain the following:
Example 4.6. (cf. [25, Sec. 3]) Let A and B be finite dimensional algebras over a
field k and let BMA and ANB be finitely generated bimodules. Consider the ring
Λ :=
(
A ANB
BMA B
)
,
as in Example 3.10. Then we have the following:
(i) If pdBe(B) < ∞, pdAoM < ∞ and N ∈ proj(A), then there is a sin-
gular equivalence of Morita type with level l between Λ and A, where
l = max{pdAoM, pdBeB}. In fact, if e =
(
1 0
0 0
)
then the pair of bimod-
ules which realises this equivalence is (ΩlΛ⊗kAo(Λe), eΛ).
(ii) If pdAe(A) < ∞, pdBM < ∞ and N ∈ proj(B
o), then there is a sin-
gular equivalence of Morita type with level l between Λ and B, where
l = max{pdBM, pdAeA}. In fact, if e =
(
0 0
0 1
)
then the pair of bimod-
ules which realises this equivalence is (Λe,ΩlB⊗kΛo(eΛ)).
We now continue with the proof of the main result which was stated in the
introduction.
4.1. Proof of Theorem. We consider the adjoint pair of functors (F,G) as in
Proposition 3.2 (♣). Since A and B are Gorenstein, Lemma 3.4 implies that the ad-
junction (F,G) restricts to one at the level of singularity categories, F¯ := Dsg(A)⇄
Dsg(B) := G¯, which by assumption is a triangulated equivalence.
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We employ a trick from [25, Thm. 2.3] (and its proof): Since the complex of B-
Ao–bimodules X is perfect over B and also perfect over Ao, from Proposition 4.4,
a projective resolution of X is isomorphic in Db(mod(B ⊗k A
o)) to a complex
L := (0→ Ls → Ls−1 → · · · → Li → 0),
where, for j = i, i+ 1, ..., s− 1; Lj ∈ proj(B ⊗k A
o) and Ls ∈ proj(B) ∩ proj(A
o).
Similarly, a projective resolution of the complex X∨ := RHomB(X,B) is iso-
morphic, in the category Db(mod(A⊗k B
o)), to a complex
Q := (0→ Qs′ → Qs′−1 → · · · → Qi′ → 0),
where, for j = i′, i′+1, ..., s′−1; Qj ∈ proj(A⊗kB
o) and Qs′ ∈ proj(A)∩proj(B
o).
We consider the tensor product complex:
Q ⊗B L = (0→ Zs+s′ → Zs+s′−1 → · · ·Zu → 0),
where for all j ≤ s+ s′− 1; Zj is a finitely generated and projective over A
e. Note
that X∨ ⊗LB X
∼= Q ⊗B P in D
b(mod(Ae)).
Put M := Ls and N := Qs′ . In the singularity category Dsg(A
e), the “hard
truncation below” at s+ s′, which is the map
Q ⊗B P
τ>s+s′

0

// Zs+s′ // Zs+s′−1 //

· · · // Zu

// 0

Σs+s
′
(N ⊗B M) 0 // N ⊗B M // 0 // · · · // 0 // 0
is an isomorphism (since 0 → Zs+s′−1 → · · · → Zu → 0 is perfect over A
e).
Similarly, one can show that P ⊗A Q ∼= Σ
s+s′(M ⊗A N) in Dsg(B
e).
Since the adjunction (F¯ , G¯) is assumed to be a triangulated equivalence, The-
orem 3.6 gives an isomorphism η¯A : A → X
∨ ⊗LB X in Dsg(A
e) and also an iso-
morphism ǫ¯B : B ← X ⊗
L
A X
∨ in Dsg(B
e) (for this we need the assumption on
separability).
Hence, in the singularity category Dsg(A
e), we obtain isomorphisms
Σ−(s+s
′)A
∼=
−→ Σ−(s+s
′)(Q ⊗B P)
∼=
−→ N ⊗B M,
and also in the singularity category Dsg(B
e), we obtain isomorphisms
Σ−(s+s
′)B
∼=
−→ Σ−(s+s
′)(P ⊗A Q)
∼=
−→M ⊗A N.
Therefore we have Ωs+s
′
Ae (A)
∼= N ⊗BM in Dsg(A
e) and Ωs+s
′
Be (B)
∼=M ⊗AN in
Dsg(B
e). To complete the proof we will need the following:
Lemma 4.7. Let k be a field and let A and B be finite dimensional k–algebras.
Assume that BMA and ANB are bimodules which are finitely generated and pro-
jective on both sides. Then M ⊗AN is a maximal Cohen-Macaulay B
e–module and
N ⊗A M is a maximal Cohen-Macaulay A
e–module.
Proof. We will only prove that N⊗BM is a maximal Cohen–Macaulay A
e–module,
that is, we claim that Ext>1Ae (N ⊗B M,A
e) = 0. We denote the k-dual Homk(−, k)
by D(−). We have the following isomorphisms in Db(mod(Ae)):
RHomAe(N ⊗B M,A⊗k A
o) ∼= D
(
(N ⊗B M)⊗
L
Ae D(A⊗k A
o)
)
∼= D
(
(N ⊗B M)⊗
L
Ae (D(A
o)⊗k D(A))
)
∼= D
(
D(A)⊗LA (N ⊗B M)⊗
L
A D(A
o)
)
∼= D
(
(D(A) ⊗LA N)⊗B (M ⊗
L
A D(A
o)
)
∼= D ((D(A) ⊗A N)⊗B (M ⊗A D(A
o)) ,
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where the last isomorphism holds since N is projective as a left A–module and M
is projective as a right A–module. Hence the complex RHomAe(N ⊗BM,A⊗kA
o)
is homologically concentrated in degree zero, which proves the claim. 
We continue with the proof of the main result. Since A is a Gorenstein al-
gebra, the enveloping algebra Ae is also Gorenstein [2, Lemma 2.1]. Thus we can
make use of the result of Buchweitz [4] which gives a triangulated equivalence
F : Dsg(A
e)
∼=
−→ MCM(Ae), where MCM(Ae) denotes the stable category of max-
imal Cohen-Macaulay Ae–modules. The functor F maps any Ae–module, viewed
as a complex concentrated in degree zero, to its maximal Cohen–Macaulay approx-
imation, see [4, Thm. 5.1.2].
Hence we obtain an isomorphism Ωs
′+s(A) ∼= N⊗BM in the category MCM(A
e).
Similarly, one can show that Ωs
′+s(B) ∼=M⊗AN in the category MCM(B
e), which
finishes the proof.
4.2. Proof of Corollary. We first prove that there is a well-defined functorM⊗A
− : MCM(A)→ MCM(B). Indeed, if N is in MCM(A) then we need to prove that
the complex RHomB(M ⊗A N,B), or equivalently RHomA(N,HomB(M,B)), is
homologically concentrated in degree zero. Let B
∼
−→ I be an (augmented) inject-
ive resolution (of finite length) of B over itself. We claim that HomB(M,B)
∼
−→
HomB(M, I) is an (augmented) injective resolution (of finite length) of HomB(M,B)
over A. Indeed, since M is projective over B we obtain acyclicity, and we also
observe that for any injective B–module J we have a natural isomorphism of A–
complexes RHomA(−,HomB(M,J)) ∼= RHomB(M ⊗
L
A −, J), which are homolo-
gically concentrated in degree zero (since M ∈ proj(Ao) and J is injective). Hence
HomB(M, I) is a complex of injective A–modules. Therefore HomB(M,B) is an A–
module of finite injective dimension, and since A is Gorenstein, from [7, 2.3.2/2.3.5]
for instance we obtain that Ext>1A (N,HomB(M,B)) = 0, which concludes the proof
that M ⊗A N is in MCM(B).
Moreover, since M is projective over B it follows easily that there is an induced
functor M ⊗A − : MCM(A)→ MCM(B).
We consider the functor M ⊗A − : D
b(mod(A)) → Db(mod(B)). From Buch-
weitz [4], the given equivalence M ⊗A − : MCM(A) ∼= MCM(B) induces an equi-
valence M ⊗A − : Dsg(A) ∼= Dsg(B), so we fall under the assumptions of the main
Theorem. Its proof shows that if pdAM
∨ = s, then ΩsA⊗kBo(M
∨) is an A-Bo–
bimodule which is finitely generated and projective on both sides, and that we
have an isomorphism
ΩsA⊗kBo(M
∨)⊗B M ∼= Ω
s
Ae(A) in MCM(A
e),
as well as an isomorphism,
M ⊗A Ω
s
A⊗kBo
(M∨) ∼= ΩsBe(B) in MCM(B
e).
Hence the pair (M,ΩsA⊗kBo(M
∨)) defines a singular equivalence of Morita type
with level s between A and B.
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